Let S H denote the usual class of all normalized functions f = h + g harmonic and sense-preserving univalent on the unit disk |z| < . In this article we show that the set, consisting of those mappings f from S H for which all Taylor coefficients of the analytic and co-analytic parts of f are integers, consists of only nine functions. The second aim is to discuss the set S H of those functions which have half-integer coefficients. More precisely, we determine the set of univalent harmonic mappings with half-integer coefficients which are convex in real direction or convex in imaginary direction. This work generalizes the recent paper of Hiranuma and Sugawa. One of the examples generated in this way helps to disprove a conjecture of Bharanedhar and Ponnusamy.
In terms of subordination, we may rewrite the last inequality as
Let n = min{n : b n ̸ = } and observe that φ ὔ (z) = + ∑ ∞ n= n(a n − b n )z n− ̸ = in so that /φ ὔ has the form φ ὔ (z) = + ∞ n= c n z n .
Then b n ̸ = for some n ≥ and therefore, we have the representation g ὔ (z) φ ὔ (z) = n b n z n − + ∞ n=n d n z n for z ∈ .
By Lemma 2.2, we deduce that |n b n | ≤ . Since b n is an integer and n ≥ , it follows that b n = which is a contradiction. Thus, we conclude that g(z) ≡ . Finally, the desired conclusion follows from Theorem 1.1.
Definition 2.3.
A domain D ⊂ ℂ is called convex in the direction α ( ≤ α < π) if every line parallel to the line through and e iα has a connected intersection with D or an empty set. A univalent harmonic function f in is said to be convex in the direction α if f( ) is convex in the direction α.
Obviously, every function that is convex in the direction α ( ≤ α < π) is necessarily close-to-convex. Clearly, a convex function is convex in every direction. The class of functions convex in one direction has been studied by many mathematicians (see, for example, [4, 12, 15, 23, 27] ) as a subclass of functions introduced by Robertson [24] . We denote by CV( ) (resp. CV(i)) the class of functions convex in the direction of the real axis (resp. in the direction of the imaginary axis). Functions in these classes are referred to as convex in real direction and convex in imaginary direction, respectively.
We continue to discuss the geometric property of the functions in S ℤ and reformulate the following version of Theorem 1.2. 
Proof. The proof of this theorem is an easy consequence of looking at the image domains of f ∈ S ℤ . So, we omit its details, but refer to Table 1 in Section 5.
Univalent harmonic mappings with half-integer coefficients
We now recall a recent result by Hiranuma and Sugawa [13] who found that the set of functions f ∈ S with half-integer coefficients is comprised of twenty-one simple rational functions, including the nine found by Friedman [8] described in (1.1). 
and
In [20] , Obradović and Ponnusamy pointed out that each f ∈ S ℤ is not only starlike in but also belongs to the class U of normalized analytic functions in satisfying the condition
As observed in [13] , a similar observation is not possible for the additional twelve functions belonging to the set T. By a careful analysis, Hiranuma and Sugawa [13] showed that every f ∈ T is close-to-convex in . The two univalent functions f + (z) and f − (z) in T are neither close-to-convex nor belong to U. We remark that an analytic function that is convex in one direction is necessarily close-to-convex, but the converse is not true.
Since the class of harmonic functions convex in real direction and the class of harmonic functions convex in imaginary direction play a special role in geometric function theory, these classes of univalent harmonic mappings can be characterized by its analytic part and anti-analytic part; see Lemma 4.1 with α = , and Lemma 4.1 with α = π/ . Thus, it is natural to investigate the class of all univalent harmonic mappings with half-integer coefficients convex in real direction or convex in imaginary direction. We now state our main results.
We emphasize that there exist only six functions in S H ( ℤ) ∩ CV( ) that are not conformal. 
It is worth pointing out that Theorem 3.3 implies that there exist only two functions in S H ( ℤ) ∩ CV(i) that are not conformal.
In Section 4, we recall necessary lemmas that are required to form a table which quickly explains the proof of Theorem 2.4. The proofs of main Theorems 3.2 and 3.3 are presented in Section 5.
We end the section with a conjecture which has now been verified in a recent article by the present authors but has led to a new conjecture. We refer to [22] for further details.
The images of the unit disk under some of these mappings are given in 
Lemmas
In proving our theorems we will need a few known lemmas. The first lemma is popularly known as Clunie and Sheil-Small's shear construction theorem [3, Theorem 5.3] which can be used to produce a univalent harmonic function that maps onto a domain convex in the direction of the real axis. Greiner [10] has constructed numerous examples using the method of shearing. In the proofs of Theorems 3.2 and 3.3, the discussion on different cases and subcases gives a number of univalent harmonic mappings that are especially convex in real direction (i.e. α = ) and/or convex in vertical direction (i.e. α = π/ ). However, only few of them have half-integer coefficients.
Next, we recall a useful result by Royster and Ziegler [27] concerning analytic mappings convex in one direction. Several particular cases of this result are helpful when testing whether an analytic mapping is convex in a direction. 
Again, since a function φ is convex in real direction if and only if the function iφ is convex in imaginary direction, the following version is a consequence of Lemma 4.2. 
Using Royster and Ziegler's result, Schaubroeck [28] investigated certain properties of the class of functions convex in a direction.
The proofs of Theorems 3.2 and 3.3
We need the following lemma which gives the complete information on the set of all functions analytic and univalent with half-integer coefficients that are either convex in real direction or convex in imaginary direction. 
. Moreover, as f ∈ S H ( ℤ), we observe that the analytic function φ = h − g also has half-integer coefficients. It 
Moreover, f is convex in imaginary direction if and only if f is one of the nine functions from
But then, by Lemma 2.2, we obtain that |b | ≤ / . As b is an integer, we must have either b = or b = ± / . These two conditions are necessary for f to belong to S H ( ℤ), but not sufficient to claim f ∈ S H ( ℤ) as we can see below in a number of examples.
Proceeding exactly as in the proof of Theorem 1.2, we end up with the conclusion that g(z) ≡ in . Hence, f is a conformal map with half-integer coefficients. Consequently, by Theorem 3.1, f must belong to one of the functions from the set S ∪ T .
Since b = ± / , by Lemma 2.1, we deduce that ω(z) = e iα z. Because a n and b n are integers and the dilatation ω(z) satisfies the condition g ὔ (z) = ω(z)h ὔ (z), α is either or π and thus, ω(z) = ±z.
gives us the harmonic function f(z) in a convenient form:
where ω(z) = ±z. We divide the remaining part of the proof into several subcases, and in all these cases, we need first to compute the integral in (5.2). Thus, the corresponding functions in question in these two cases are given by
respectively. It is a simple exercise to see that the univalent harmonic functions f (z) and f (z) do not have half-integer coefficients, although they are convex in real direction. It can be easily seen that f (z) maps onto a domain bounded by three concave arcs, with cusps at the points − log ± i and ∞.
and ω(z) = ±z. In these two cases, the analytic part h(z) in (5.2) takes the form
In the case when ω(z) = z, a simplification with the above h gives
and we observe that f (z) has half-integer coefficients. Thus, f ∈ S H ( ℤ) and it may be equivalently written as
If we let ℓ(z) = z/( − z) and k(z) = z/( − z) , we see that
which is indeed not convex; see Figure 7 . It is worth remarking that the function
is a well-known extremal function for the coefficient inequality for the class of convex functions from S H ; see [3, 7] . However coefficients of f (z) do satisfy the necessary coefficient conditions for convex functions in S H without f (z) being convex in .
In the case when ω(z) = −z, it is clear that the Taylor coefficients of the corresponding h above do not have half-integer coefficients, and so, the corresponding harmonic function
does not belong to S H ( ℤ). 
if ω(z) = −z.
By a computation, we can easily see that the corresponding harmonic functions are given by f 
For ω(z) = z, we write the integrand as
This gives
, because h does not have half-integer coefficients. In the case of ω(z) = −z, simplifying the integrand in (5.5), we obtain
and therefore, the corresponding harmonic function is
If ω(z) = z, then as above we end up with the harmonic function
which is indeed the well-known harmonic Koebe function (with dilatation ω(z) = z) and the function has no half-integer coefficients.
If ω(z) = −z, then a calculation gives 
It is easy to check that, for h(z) = ∑ ∞ n= a k z k , one has
which implies that in these two cases the corresponding harmonic mappings f (z) and f (z) do not have half-integer coefficients. We see that in these two cases the corresponding harmonic mappings f (z) and f (z) do not have half-integer coefficients.
Case 2.12: φ(z) = z( + z)/( ( + z)) and ω(z) = ±z. As in Case 2.11, it is a simple exercise to see that the corresponding harmonic mappings f (z) and f (z) do not belong to S H ( ℤ).
Case 2.13: φ(z) = z( + z )/( ( + z )) and ω(z) = ±z. In these two cases, we obtain h ὔ (z) =
if ω(z) = z,
If h(z) = ∑ ∞ n= a n z n , then by elementary computations, we see that a = − / in both cases ω(z) = z and ω(z) = −z. Therefore, the corresponding harmonic mappings f (z) and f (z) do not belong to S H ( ℤ).
Concluding remarks and disproof of a conjecture

